Thin accretion disk signatures of slowly rotating black holes in Hofava gravity 
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In the present work, we consider the possibility of observationally testing Hofava gravity by using 
the accretion disk properties around slowly rotating black holes of the Kehagias-Sfetsos solution in 
asymptotically flat spacetimes. The energy flux, temperature distribution, the emission spectrum as 
well as the energy conversion efficiency are obtained, and compared to the standard slowly rotating 
general relativistic Kerr solution. Comparing the mass accretion in a slowly rotating Kehagias- 
Sfetsos geometry in Hofava gravity with the one of a slowly rotating Kerr black hole, we verify that 
the intensity of the flux emerging from the disk surface is greater for the slowly rotating Kehagias- 
Sfetsos solution than for rotating black holes with the same geometrical mass and accretion rate. 
We also present the conversion efficiency of the accreting mass into radiation, and show that the 
rotating Kehagias-Sfetsos solution provides a much more efficient engine for the transformation of 
the accreting mass into radiation than the Kerr black holes. Thus, distinct signatures appear in 
the electromagnetic spectrum, leading to the possibility of directly testing Hofava gravity models 
by using astrophysical observations of the emission spectra from accretion disks. 

PACS numbers: 04.50.Kd, 04.70.Bw, 97.10.Gz 



I. INTRODUCTION 

Recently, Hofava proposed a rcnormalizable gravity 
theory in four dimensions which reduces to Einstein grav- 
ity with a non- vanishing cosmological constant in IR but 
with improved UV behaviors 0, 0. The latter theory 
admits a Lifshitz scale-invariance in time and space, ex- 
hibiting a broken Lorentz symmetry at short scales, while 
at large distances higher derivative terms do not con- 
tribute, and the theory reduces to standard general rel- 
ativity (GR). Since then various properties and charac- 
teristics of the Hofava gravities have been extensively 
analyzed, ranging from formal developments Q, cosmol- 
ogy [H , dark energy [j| and dark matter Q , and spheri- 
cally symmetric solutions [7|, Il0l4l2| . Although a generic 
vacuum of the theory is anti-de Sitter one, particular 
limits of the theory allow for the Minkowski vacuum. 
In this limit the leading order the Parameterized post- 
Newtonian (PPN) coefficients coincide with those of the 
pure GR. Thus, the deviations from the conventional GR 
can be tested only beyond the post-Newtonian correc- 
tions, that is for a system with strong gravity at astro- 
physical scales. 

There are basically four versions of Hofava gravity, 
namely, those with or without the "detailed balance con- 
dition" , and with or without the "projectability condi- 
tion". The "detailed balance condition" restricts the 
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form of the potential in the 4-dim Lorentzian action to 
a specific form in terms of a 3-dim Euclidean theory. In 
a cosmological context, this condition leads to obstacles, 
and thus must be abandoned. In this context, the 'soft' 
violation of the 'detailed balance' condition modifies the 
IR behavior. This IR modification, with an arbitrary cos- 
mological constant, represent the analogs of the standard 
Schwarzschild-(A)dS solutions, which were absent in the 
original Hofava model. The "projectability condition" 
essentially stems from the fundamental symmetry of the 
theory, i.e., the foliation-preserving diffeomorphism in- 
variance, and must be respected. Foliation-preserving 
diffeomorphism consists of a 3-dim spatial and the space- 
independent time reparametrization. 

IR-modified Hofava gravity seems to be consistent with 
the current observational data 

HUH, but in ° rder to 

test its viability more observational constraints are nec- 
essary. In [l7| the possibility of observationally testing 
Hofava gravity was considered by using the accretion disk 
properties around black holes. The energy flux, temper- 
ature distribution, the emission spectrum as well as the 
energy conversion efficiency are obtained, and compared 
to the standard general relativistic case. It was shown 
that particular signatures can appear in the electromag- 
netic spectrum, thus leading to the possibility of directly 
testing Hofava gravity models by using astrophysical ob- 
servations of the emission spectra from accretion disks. 
In this paper, we further explore the possibility of testing 
the viability of Hofava-Lifshitz gravity using thin accre- 
tion disk p rop erties, and we generalize the previous re- 
sults from [l7| to the case of the slowly rotating Hofava- 
Lifshitz black holes. As for the slowly rotating Hofava- 
Lifshitz black hole, we adopt the solution obtained in 
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|18j . and we carry out an analysis of the properties of 
the radiation emerging from the surface of the disk. For 
more information on thin accretion disks around compact 
objects we refer the reader to Refs. mum. 

It seems to be an extremely difficult endeavor to find 
a fully rotating black hole in Hofava-Lifshitz theory as 
the full equations to be solved are very complicated, so 
only the slowly rotating regime is analyzed in this work. 
Note that the "slowly rotating" black hole means that 
one considers up to linear order of the rotating parameter 
a = J/M (a -C 1) in the metric functions, equations of 
motion, and thermodynamic quantities (l8j . It is also im- 
portant to emphasize that the slowly rotating Kerr black 
hole is recovered from the slowly rotating black hole so- 
lutions in Hofava gravity, in the IR limit of u — > oo. As 
compared to the standard general relativistic case, sig- 
nificant differences appear in the energy flux and electro- 
magnetic spectrum for Hofava black holes, thus leading 
to the possibility of directly testing the Hofava-Lifshitz 
theory by using astrophysical observations of the emis- 
sion spectra from accretion disks. 

The present paper is organized as follows. In Sec. [Hi 
we present the action and the specific solution of slowly 
rotating black holes. In Sec. IIII1 we present some essen- 
tial thermal equilibrium radiation properties of thin ac- 
cretion disks in stationary axisymmetric spacetimes. In 
Sec. IIV1 we analyze the basic properties of matter form- 
ing a thin accretion disk around vacuum black holes in 
Hofava gravity, and compare the results with the slowly 
rotating Kerr solution. We discuss and conclude our re- 
sults in Sec. [Vj Furthermore, for self-completeness and 
self-consistency, we review the formalism and the phys- 
ical properties of the thin disk accretion onto compact 
objects in Appendix [Al 



II. SLOWLY ROTATING BLACK HOLES IN 
HORAVA GRAVITY 

In this section, we briefly review the Hofava-Lifshitz 
theory, where differential geometry of foliations repre- 
sents the proper mathematical setting for the class of 
gravity theories studied by Hofava @. Thus, it is useful 
to use the ADM formalism, where the four-dimensional 
metric is parameterized by the following 

ds 2 = -N 2 c 2 dt 2 +g l3 (dx i + N* dt) (dx J + N j dt) , (1) 

where N is the lapse function, N l , the shift vector, and 
gij the 3-dimensional spatial metric. 

In this context, the Einstein- Hilbcrt action is given by 

S = Jd^x^N (KuK* -K 2 + R.W - 2 A 

(2) 

where G is Newton's constant, is the three- 

dimensional curvature scalar for g^. The extrinsic cur- 
vature, Kij, is defined as 
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{ gij - ViNj - VjNi) , 



(3) 



where the dot denotes a derivative with respect to t, and 
Vj is the covariant derivative with respect to the spatial 
metric g^ . 

The IR-modified Hofava action is given by 
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where k, A, v, fi, lo and A^ are constant parameters. C lJ 
is the Cotton tensor, defined as 



ikl \ 
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The last term in Eq. (j4)) represents a 'soft' violation of 
the 'detailed balance' condition, which modifies the IR 
behavior. This IR modification term, fj, 2 R^ , generalizes 
the original Hofava model (we have used the notation of 
Ref. (3). 

The fundamental constants of the speed of light c, 
Newton's constant G, and the cosmological constant A 
are defined as 



8(3A- l) 2 



G 



16?r(3A- 1) 



A 



-Awe 2 . (6) 



Consider the static and spherically symmetric metric 
given by 



ds 2 = -N 2 (r)dt 2 + 



dr 2 

1¥) 



r 2 {dO 



2 1 sin 2 



Ode/, 2 ), (7) 



where N(r) and f(r) are arbitrary functions of the radial 
coordinate, r. 

Imposing the specific case of A = f, (3 = AujM [M 
is the mass parameter) and Aw — 0, one obtains the 
Kehagias and Sfetsos's (KS) asymptotically fiat solution 
fl2| . given by 



/ks = A 2 s = f + iur 2 I 



4M 



(8) 



In the limit of lo — > oo, it reduces to the Schwarzschild 
form. 

Note that there is an outer (event) horizon, and an 
inner (Cauchy) horizon at 



M 



l±yjl- f/(2wM 2 ) 



(9) 



To avoid a naked singularity at the origin, one also needs 
to impose the condition 



coM 2 > 



1 



(10) 
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Note that in the GR regime, i.e., ojM 2 ^> 1, the outer 
horizon approaches the Schwarzschild horizon, r + ~ 2M, 
and the inner horizon approaches the central singularity, 
r_ ~ 0. 

In the present work we propose to study the thin accre- 
tion disk models applied for slowly rotating black holes 
in Hofava-Lifshitz gravity models [18j . and carry out an 
analysis of the properties of the radiation emerging from 
the surface of the disk. It does indeed seem to be a 
formidable task to find a fully rotating black hole in 
Hofava-Lifshitz theory as the full equations to be solved 
are very complicated, so only the slowly rotating regime 
is analyzed in this work. Note that the "slowly rotating" 
black hole means that one considers up to linear order 
of the rotating parameter a = J/M (a -C 1) in the met- 
ric functions, equations of motion, and thermodynamic 
quantities. In this work we use the results obtained in 
Ref. [l8[, where the slowly rotating black hole is inter- 
preted as arising from the breaking of spherical to axial 
symmetry. Rather than reproduce the analysis carried 
out, we refer to reader to Ref. [l8[ for details. 

Thus, the slowly rotating black hole solution obtained 
in [l8[ is given by 



ds 



slow KS 



-fKs(r)dt 2 + 



dr 2 



JksO) 



l dd 2 



2 • 2 

-r sin i 



4J 



dtdcf) 



(11) 



where the factor /ks(t) reduces to the KS solution, and 
is given by Eq. flS]). 

For self-completeness and self-consistency, the Kerr 
black hole is also presented 



ds 2 



Kerr 



where 



p 2 A r , , p 2 , , , £ 2 sin 2 6 , , . , , . 2 
-il—Ldt 2 +j-dr 2 +p 2 de 2 + (d<t> - £dty . 

(12) 



p 2 = r 2 + a 2 cos 2 0, 



A r = (r 2 + a 2 ) - 2Mr, 

Y 2 = (r 2 +a 2 f- 
_ 2Mar 



2 ^ 2 ~ 2 ~in 2 0A r 



(13) 



In the slowly rotating limit of J <C M(a <C 1), the Kerr 
solution reduces to 



leads to the slowly rotating Kerr solution flT4l) . In the 
analysis of the thin disk properties that follow, we com- 
pare the geometries given by the metrics ([Pi]) and (fT2)l . 
respectively. 



III. GEODESIC MOTION OF TEST PARTICLES 
IN SLOWLY ROTATING KEHAGIAS-SFETSOS 
GEOMETRY 

In this section we consider the thermal radiation prop- 
erties of thin accretion disks in stationary axisymmet- 
ric spacetimes. The formalism has been extensively pre- 
sented in the literature. However, in order to analyze the 
electromagnetic signatures of thin accretion disks around 
slowly rotating black holes, for self-completeness and self- 
consistency, we consider the main results of stationary 
and axially symmetric spacetimes in this section and the 
physical properties of accretion disks in Appendix [X] 

The physical properties and the electromagnetic radia- 
tion characteristics of particles moving in circular orbits 
around compact bodies are determined by the geome- 
try of the spacetime around the compact object. For a 
stationary and axially symmetric geometry the metric is 
given in a general form by 

ds 2 — g t t dt 2 + 2g t( f, dtdcf) + g rr dr 2 + ggg dQ 2 + dej) 2 . 

(15) 

In the equatorial approximation, i.e., \9— 7r/2| -C 1, which 
is the case of interest for our analysis, the metric func- 
tions gtt, gt4>, grr, gee and g^ only depend on the radial 
coordinate r. 

To compute the relevant physical quantities of the thin 
accretion disks, we determine first the radial dependence 
of the angular velocity J7, of the specific energy E, and of 
the specific angular momentum L, respectively, of parti- 
cles moving in circular orbits in a stationary and axially 
symmetric geometry. The geodesic equations of the mo- 
tion take the following form 



dt 

d4 

dr\ 2 
dr ) 



Eg^ + Lgttj, 

g 1 ^ - gttgu ' 

Egtcj, + Lg tt 

5 t 2 - gug^ ' 

E 2 g^ + 2ELg t4> + L 2 g tt 



-1 



3*0 - gug^ 



(16) 
(17) 
(18) 



ds 2 



slow Kerr 



, 2M\ , 2 

1 )dt 2 

r ) 



dr 2 



1 _ M 



4J 



r 2 sin 2 Bide)) 2 T dtd(t> 



r 2 d6 2 



(14) 



From Eq. (|T8f one can introduce an effective potential 
term as 



Veff(r) 



E 2 g u + 2ELg tt p + L 2 g tt 



9tj> 



9ttg<f><f> 



(19) 



It was argued in [18| that the slowly rotating Kerr black 
hole could be interpreted as arising from the breaking of 
spherical to axial symmetry. It is easily checked that in 
the limit of u —> oo, the slowly rotating solution (fTTj) 



For stable circular orbits in the equatorial plane 
the following conditions must hold: V e //(r) = and 
V e ff tr (r) — 0, where the comma in the subscript de- 
notes a derivative with respect to the radial coordinate r. 
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FIG. 1: The second order derivative of the effective potential with respect to (r/M) for a slowly rotating KS black hole with 
total mass M for different values of the parameters tj and a*. 



These conditions provide the specific energy, the specific 
angular momentum and the angular velocity of particles 
moving in circular orbits for the case of spinning general 
relativistic compact spheres, given by 



E = 
L = 

CI = 



9tt + gt4>Ci 



\/—gtt — 25t^O — g<p<p£l 

9t4> + ,900^ 

y/-9tt - 2g t( f,ft - g<j,<j,Cl 2 



2' 



(It 



-gtcj,,r + y (g«0,r) 2 - gtt, r g4>4>,r 

9<f><f>,r 



(20) 
(21) 

(22) 



The marginally stable orbit around the central object 
can be determined from the condition V e ff t rr (r) = 0. To 
this effect, we formally represent the effective potential 
as 

/ 



V eff {r) = -1+ J - 



where 



/ = E 2 g, t „j > + 2ELg t< f, + L' 
9 = 9t<l> ~ 9ttg^, 



and where the condition g =/= is imposed. From 
V e ff (r) = 0, we obtain first f — g. The condition 
V e ff l r (r) = provides f_ r g — fg^ r — 0. Thus, from these 
conditions one readily derives V e ff, rr{r) = 0, which pro- 
vides the following important relationship 



= (.9*0 - gttg<p<p)V e ff, rr 

= -E 2 .900,rr + 2£'L(7t0 irI . + L 2 g t t,: 

—(s'td, - gttg<t><t>),rr , 



(23) 



where g 2 ^ — gttg<t><t> (appearing as a cofactor in the metric 
determinant) never vanishes. By inserting Eqs. (|20l) - (|2"2")l 
into Eq. (|23[) and solving this equation for r, we obtain 



the radii of the marginally stable orbits, once the metric 
coefficients gu, gt<t> and g^ are explicitly given. 

In the context of the slowly rotating KS black hole 
given by the metric (jlip . and considering the equatorial 
approximation (\9 — 7r/2| <C 1) of the geometry, the parti- 
cles moving in Keplerian orbits around the slowly rotat- 
ing black hole have the following specific energy, specific 
angular momentum and angular velocity 



E = 



L = 



1 + ujr 2 + 2M 2 a*r- 1 - ujhr 2 
+ Q 2 )r 2 + AMa^ttr- 1 - ujhr 2 

r 2 n - 2M 2 o,r 1 
+ Q 2 )r 2 + AMa^VLr- 1 - ujhr 2 



(24) 



(25) 



- Mr 3 - ujr 6 - 2M 2 a*Vh 




2r 3 Vh 



-26) 



respectively, where a* = J/M 2 and h = + AM/ (wr 3 ) 
are defined for notational simplicity. By inserting these 
equations into the second order derivative ()23|) of the 
effective potential, we can determine the radii of the 
marginally stable orbits for different values of the spin 
parameter a* and of the parameter w. In order to ob- 
tain consistency with the metric, Eqs. (|2~4"|) - (l2l)l) should 
be linearized with respect to the parameter a* = J/M" . 
However, since E, L and f2 are constants of motion, their 
numerical values are also obtained from the particular 
values given to a* and u), respectively. Therefore any se- 
ries expansion or linearization of Eqs. (|2~4"|) - (l2l)|) will just 
slightly modify the numerical values of the constants of 
motion, without significantly affecting the physical re- 
sults. 

In Fig. Q] we plot the quantity d 2 V e f f / d(r / M) 2 as a 
function of the dimensionless radius r/M . The left plot 
shows the radial profile of the second order derivative 
calculated for different values of a* in a narrow range 
between 0.19 and 0.22 at a fixed value of u> (set to its 
the minimal value 1/2M 2 ). For a* = 0.19, 0.20 and 
0.21, d 2 V e ff/d(r/M) 2 has zeroes, and the larger value 
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FIG. 2: The rotational velocity of the Keplerian orbits in the 
equatorial plane as a function of (r/M) for a slowly rotating 
KS black hole with total mass IMq for different values of the 
parameters ui and a* = 0.4. The vertical lines indicate the 
location of the ISCO for those discs for which it exists. 



of the root provides the radius r ms of the marginally 
stable orbit. But the second derivative of the effective 
potential, calculated for a* = 0.22, remains negative for 
any r > r + . Hence stable circular orbits do exist for 
a* = 0.22 and uj = 1/2M 2 in the entire equatorial plane 
outside the horizon (r± — M). The critical value of a* 
above which no marginally stable orbit exists depends 
on uj. The right hand side plot in Fig. [1] shows that a 
given value of a* becomes critical if we decrease uj: for 
a* = 0.4, the second order derivative of V e ff, calculated 
at uj = TIM -2 and 1.2M~ 2 , still has some roots, but 
there are no marginally stable orbits for uj = 1M~ 2 and 
uj = 0.9M~ 2 , respectively. The presence of the critical 
value for a*, and its numerical value, certainly depends 
on the approximation used to obtain the metric. Such a 
critical value may indicate a breakdown of the metric for 
enough high rotational velocities. For an exact solution 
and for high spins, the location of the stable circular or- 
bits may be different. However, since the solution we are 
considering is valid for small a* only, the extrapolation of 
our results to higher spin values may lead to unphysical 
results. 

Another interesting property of the Keplerian motion 
around a slowly rotating KS black hole is the radial de- 
pendence of the orbital frequency of the particles, shown 
in Fig. [21 In Fig. [5] we plot versus r/M for a fixed value 
of a* = 0.4, and for different values of uj. With decreas- 
ing values of uj, the radial profiles of the angular velocity 
decrease at lower radii, as compared to the general rela- 
tivistic case. As we approach the horizon, this decrease 
is not only a relative decrease, but the curves fall to zero, 
instead of following the increase of the general relativis- 
tic case. Hence fi has a maximal value for each pair of 
the parameters a* and uj, as opposed to the angular ve- 
locity of the particles rotating around a Kerr black hole, 
where il remains a monotonous increasing function as we 



approach the horizon. 



IV. ELECTROMAGNETIC SIGNATURES OF 
ACCRETION DISKS AROUND SLOWLY 
ROTATING KS BLACK HOLES 

In this section we analyze the electromagnetic signa- 
tures of accretion disks around the slowly rotating KS 
black hole. We rely heavily on the formalism of the 
physical properties of thin accretion disks outlined in Ap- 
pendix |A~J 

In Fig. [3] we present the time-averaged fluxes of radi- 
ant energy F(r) released from the accretion disks rotat- 
ing around slowly rotating KS black holes. The fluxes 
were calculated by using Eqs. (|24l) - (|2l))) in the flux in- 
tegral Eq. (|A7|) . The fluxes depend on two basic pa- 
rameters, namely, the dimensionless spin parameter of 
the black hole, defined by a* = J/M 2 , and the free 
parameter uj, which appears in the solution given by 
Eq. ([8]). For a fixed total mass, M = 1M Q , and ac- 
cretion rate, Mo = 10 -12 M Q /yr, in Fig. [3] we present the 
radial distributions of F for different values of a* and 
uj. For comparison, we also plot the flux profiles for ac- 
cretion disks around general relativistic black holes with 
the corresponding mass and spin parameter. The first 
plot shows the static case, which was already discussed 
in [17]. With the decreasing value of the parameter uj, 
the deviation of the spacetime geometry of the KS black 
hole from the geometry of the Schwarzschild black hole 
is enhanced. As a result, the flux profiles exhibit higher 
and higher differences. For low values of uj we obtain a 
higher maximal flux, as the inner edge of the accretion 
disk is shifted to lower radii (left edges of the flux profiles 
in the plots). The location of the flux maximum has a 
similar shift: with decreasing uj, F max is shifted to lower 
radii. By comparing the flux maxima we see that F max 
is about 1.4 times higher for the minimal value of uj than 
the maximum derived for the Schwarzschild black hole 
(uj — r oo). 

Similar trends can be found for the slowly rotating 
cases shown in the rest of the plots of Fig. [3] For a* = 0.2, 
the configurations with decreasing values of uj produce 
higher and higher flux values. The increase in the fluxes 
are again due to the increase in the surface of the ac- 
cretion disk around the rotating KS black holes. These 
increase is clearly indicated by the large shifts of the in- 
ner disk edge to lower radii. Comparing these figures 
with the static case, both the shift of the inner edge and 
the enhancement in the flux amplitudes are much higher 
for the same values of uj: for uj = 0.5M -2 , the maximal 
flux is already more than two times higher than F max 
derived for the slowly rotating Kerr solution. By fur- 
ther increasing a* , we can also increase the effect of the 
variation of uj on the radial structure of the standard 
thin accretion disk. We have seen that there is a critical 
value of the spin parameter for each uj, above which no 
marginally stable orbits can exist outside the horizon of 
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FIG. 3: The energy flux F(r) radiated by the disk around a static and a slowly rotating KS black hole with the total mass of 
IMq for different values of the parameters w and a*. The mass accretion rate is set to 10 -12 : Mq /yr. 



the Kehagias-Safest black holes. If a* exceeds this critical 
value, then the inner edge of the accretion disk is already 
located at the horizon, and the disk surface is consider- 
ably increased, as compared to the configuration with the 
spin parameter somewhat lower than the critical value. 
As a result, the amplitudes of the integrated flux have an 
enormous increase, i.e, there is a strong enhancement in 
the thermal radiation released from the disk surface. 

A deeper physical interpretation of the breakdown of 
the standard accretion disk model for < r max may be 
associated with these high flux values. Some compos- 
ite accretion disk models consider a geometrically thick 
and optically thin hot corona, positioned between the 
marginally stable orbit and the inner edge of the geomet- 
rically thin, and optically thick, accretion disk, where an 
inner edge is lying at a few gravitational radii (38j. In 
other type of composite models, the corona lies above 
and under the accretion disk, and the soft photons, ar- 
riving from the disk, produce a hard emission via their 
inverse comptonization by the thermally hot electrons in 
the corona [39(. In both configurations, the disk is trun- 
cated at several gravitational radii - reducing the soft 
photon flux of the disk - and the soft and hard compo- 



nents of the broad band X-ray spectra of black holes were 
attributed to the thermal radiation of the accretion disk 
and the emission mechanism in the corona, respectively. 
For KS black holes the innermost region of the disk with 
t < fmax may indicate the presence of a hot corona where 
the rest mass accretion together with the energy and the 
angular momentum transport from the disk for r > r max 
to the region of the corona at lower radii cannot be de- 
scribed with the geometrically thin disk scheme. Ther- 
mal cooling of the corona via radiation is not able to 
maintain a thermodynamical equilibrium and the trans- 
port processes are dominated by heat conduction in the 
outer region of the corona or advection in a geometrically 
thick disk between r + and r max in the core of the corona. 
In order to give a detailed description of the mechanism 
driving matter, energy and angular momentum into the 
black hole in the innermost region, one should construct 
at least a semi-analytic model without vertical averaging 
of the physical quantities of the accretion disk. 

Here we carry out the analysis of the presence of the 
critical behavior only in the framework of the standards 
Novikov-Thorne disk models, which can still provide use- 
ful information about the whole phenomenon. This ef- 
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feet can be seen in the last two plots in Fig. [3] Since for 
uj > 1.1M -2 the value a* = 0.4 is still under the critical 
value of the spin parameter, the maximal flux has still 
a moderate increase. If we set u> to l.OAf -2 or higher 
values, a» = 0.4 exceeds the critical spin value shown in 
Fig. [U and the left edge of the flux profile is located at 
radii < 2r/M. Nevertheless, these radii are still much 
higher than r + obtained for the corresponding values of 
uj. This is due to the fact that the radius r max at which 
n attains its maximal value is greater than r + . For lower 
radii fl is already decreasing, as shown in Fig. [3J and 
from Eq. (|A7|) wc obtain negative flux values. As a pos- 
sible physical interpretation we can state that although 
the inner disk edge can reach the horizon, in the region 
between r+ and r max no physical mechanism is available 
for the radiative cooling of the disk, and thermal photons 
cannot leave the disk surface. Close to the inner edge of 
the disk, other processes might play a role in cooling the 
disk, and the standard thin disk model likely breaks down 
in this region. For r > r max the latter model still seems 
to be a satisfying description, and thus we can assume 
that the disk is in the state of the thermal equilibrium or 
at least very close to it. 

If for a given uj the spin exceeds the critical value, 
then the minimal radius of the radiating disk surface is 
determined by the location of the Keplerian orbit with 
the maximal rotational frequency. As Fig. [5] shows, the 
value of the radial coordinate at which Q is maximal is 
proportional to uj. Hence, this radius is maximal for the 
minimal value of uj, and the disk surface emitting thermal 
photons is minimal. Then, above the critical spin value, 
the relation between the flux maxima and the value of the 
parameter uj is inverted in comparison with the trends 
found below the critical spin value. This means that the 
higher the value of w (the smaller the deviation from the 
general relativistic geometry), the higher the value of the 
maximal flux, and the lower the radial coordinate of the 
inner edge of the radiating zone. 

At the limit a* = 0.5 of the slow rotating regime, the 
flux maximum is three orders of magnitudes higher for 
uj = 1AM~ 2 than the maximal value of F(r) obtained for 
Kerr black holes. For all the values of uj presented in the 
last plot the spin value is higher than the critical value 
and each configuration of the thin disk rotating around 
the KS black hole emits much more thermal photons than 
the disk rotating around the Kerr black hole do. This 
holds even for the minimal value of uj. For uj 3> 1 we can 
still reach the limit above which a» is no longer greater 
than the critical spin value, and we can approach the 
lower flux values, which are typical for general relativistic 
black holes. 

This enhancement in the sensitivity of the variation of 
uj can be studied in the radial profiles of the disk tem- 
perature as well. In Fig. 2] we present the distribution of 
the disk temperature for the same values of the parame- 
ters a» and uj used in Fig. |3J As compared to the static 
case, in the case of the configuration with a* = 0.5, we 
see a considerable increase in the disk temperature as a 



function of uj. 

For the same set of the parameters a» and uj we also 
plot the disk spectra in Fig. [5j which were calculated by 
applying Eq. (| A9|) . The trends found in the behavior of 
the radial distribution of the radiant energy flux and disk 
temperature can also be seen here. For static spacetimes 
the disk spectra do not exhibit a strong sensitivity with 
the variation of uj, and the spectral amplitudes and the 
cut-off frequency of the spectra have only a moderate 
increase with decreasing uj. However, for the slowly ro- 
tating cases up to a„ = 0.5, the cut-off frequency can be 
enhanced by decreasing the value of uj, and the maximal 
amplitudes have a moderate increase as compared with 
the general relativistic black holes. 

In the cases where for a given uj, a* exceeds the value 
of the critical spin, the differences are considerable, indi- 
cating that the accretion disks rotating around a slowly 
rotating KS black hole have bluer spectra than the disks 
rotating around a Kerr black hole with identical mass and 
spin parameter. Both the increase in the amplitude and 
the shift in the cut-off frequency is proportional to the ra- 
diating surface of the disk. Therefore, they are increased 
with decreasing uj, provided that the spin is smaller than 
the critical value corresponding to the given uj. This 
trend can be seen in the third plot in Fig.[5l for a» = 0.4, 
when uj > A/~ 2 holds. If the spin exceeds the critical 
value for a given uj, this trend is inverted, as already 
found in the case of the flux profiles, and the configura- 
tion with the minimal value of uj produces the smallest 
amplitudes and cut-off frequency of the spectrum. This 
behavior is shown by the curves obtained for uj < M~ 2 
in the third plot in Fig. [5l and for each curve obtained 
for the slowly rotating KS black hole in the last plot in 
Fig.EJ 

The flux and the emission spectrum of the accretion 
disks around compact objects satisfy some scaling rela- 
tions, with respect to the simple scaling transformation 
of the radial coordinate, given by r — > r — r/M, where 
M is the mass of the compact sphere. Generally, the 
metric tensor coefficients are invariant with respect to 
this transformation, while the specific energy, the angu- 
lar momentum and the angular velocity transform as 

E^E, L -> ML, (27) 

and 

O -> n/M, (28) 

respectively. The flux scales as F(r) — > F(r)/M 4 , giv- 
ing the simple transformation law of the temperature as 
T(r) T (r) /M. By also rescaling the frequency of the 
emitted radiation as v — > v = v/M, the luminosity of the 
disk is given by L (v) — > L (v) /M. 

Following [23[ we can introduce the scale invariant 
dimensionless coordinate x = y/r/M. Then the func- 
tion h{r) = y/l + 4M/(ujr 3 ) in Eqs. (|2"4 > (|2l) j) can be 
written as h(x) = v/l + 4:/(ujx 6 ) where uj = ujM 2 is a 
dimensionless parameter. As a consequence, only the 
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FIG. 4: The temperature profile of the disk around a static and a slowly rotating KS black hole with the total mass of IMq 
for different values of the parameters to and a*. The mass accretion rate is set to lO~ 12 M0/yr. 



specific angular momentum and the rotational frequency 
have an explicit dependence on M in the form L oc M 
and oc M , whereas E does depend only on a*. 
For any rescaling M 2 = aM\ of the mass of the KS 
black hole we_obtain x 2 = a~ 1 t 2 x\ ancl^ the relations 
E(M 2 )(x 2 ) = S(Mi)(a?i), L{M 2 )(x 2 ) = aZ(Afi)(a:i) and 
n(M 2 )(x 2 ) = a- 1 Q(Mi)(xi). For the flux integral (|MJ 

and for any rescaling = PMq 1 " 1 of the accretion rate 
these relations give 

F(M 2 ,M^)(x 2 ) = {fi/o?)F{M u M^){xi). (29) 
Then the temperature scales as 

T(M 2 ,K4 2) )(x 2 ) = (^/a 2 ) 1 / i T(M 1 ,M^)(x l ). (30) 

For the maximum of the luminosity L we have v max oc T 
which gives L(y max ) oc ^ ax . As the frequency scales 
with the temperature we obtain that 

L(M 2 , M (2) )(^ 2 ) = (P/a^LiM^M^)^), (31) 
with 

v 2 {M 2 ,M^) = (P/a^MMuM^)- (32) 



With the help of these scaling relations we can always 
obtain the values of the flux and of the luminosity for an 
arbitrary value of the mass, once these values are known 
for a given mass. 

In Table [J we present the conversion efficiency e of 
the accreted mass into radiation for both the Kehagias- 
Sfestos and general relativistic black holes. As seen in 
Eq. (|A8[) . the value of e highly depends on the location 
of the inner edge of the disk. Under the critical value 
of the spin, r ms shifts to lower radii for lower values of 
w, and the efficiency obtained for the rotating Kehagias- 
Sfestos case is increasing as compared with the efficiency 
of the general relativistic black holes. By decreasing the 
value of (J, the efficiency increases, and the degree of this 
increase is enhanced for the black holes rotating at higher 
spin. If the latter is below the critical value of the spin, 
then this enhancement is inversely proportional to uj. 

Above the critical value of the spin the inner edge of 
the disk is located at the event horizon, where gu = 0. 
In Fig. [2] we have also shown that f2 falls to zero at r + . 
Then the specific energy given by Eq. ([2U)l vanishes 
at the horizon. Since E ms is zero at the inner edge of 
the disk, the particles deposited on the black hole carry 
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FIG. 5: The disk spectra for a static and a slowly rotating KS black hole with the total mass of IMq for different values of the 
parameters cj and a„. The mass accretion rate is set to 10~ 12 ' Mq /yr. 



only their rest mass energy into the black hole, which is 
negligible as compared to the total thermal energy ra- 
diated by the disk. As a result, e would essentially be 
one, i.e, the efficiency is 100% for spin values above the 
critical spin. However, we have also seen that the zone 
close to the inner edge of the disk cannot be cooled by 
thermal radiation only. Therefore in this case the appli- 
cation of the standard thin disk model is problematic. At 
its inner edge the disk may become geometrically thick, 
and other forms of the stress-energy, besides the specific 
energy and the specific angular momentum can play an 
important role in the mass-energy deposition. Then the 
usage of Eq. (|A8j) becomes problematic. We can still con- 
sider that, although the area of the forbidden radiative 
cooling, located between r + and r max (the radius where 
£1 is maximal), is big enough to cause measurable effects 
in the energy-angular momentum transport between the 
black hole and the disk. However, this transport may still 
not determine drastic changes in the standard thin disk 
model. Hence, we expect that in this region the efficiency 
could still be very high, though not 100%. 

Therefore, we conclude that the Kehagias-Sfetsos black 
holes convert accreted mass to radiation in a more effi- 



/M 2 


a, = 


0.2 


0.4 


0.5 


1/2 


6.30 (5.28) 


8.07 (3.72) 


-100 (1.71) 


~100 (1.00) 


1 


5.97 (5.66) 


7.00 (4.78) 


~100 (1.71) 


~100 (1.00) 


2 


5.83 (5.84) 


6.73 (5.06) 


8.45 (3.97) 


-100 (1.00) 


3 


5.79 (5.89) 


6.65 (5.14) 


8.20 (4.15) 


9.92 (3.35) 


5 


5.76 (5.94) 


6.59 (5.21) 


8.03 (4.26) 


9.46 (3.59) 


10 


5.74 (6.00) 


6.54 (5.29) 


7.92 (4.37) 


9.20 (3.73) 


100 


5.72 (6.00) 


6.51 (5.29) 


7.83 (4.45) 


9.01 (3.84) 


CO 


5.72 (6.00) 


6.46 (5.33) 


7.51 (4.62) 


8.21 (4.24) 



TABLE I: The efficiency (measured in percents), and the val- 
ues of the radius divided by M at the inner edge (values in 
parenthesis) of the accretion disk for slowly-rotating black 
holes in general relativity, and in the HL modified theory of 
gravity with the rotating KS solution. The case of uj — > oo 
corresponds to the general relativistic case. 



cient way than general relativistic black holes do. This 
enhancement in efficiency occurs even if the disk located 
around the rotating KS black holes can emit thermal pho- 
tons only over some part of its entire surface area. 
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V. DISCUSSIONS AND FINAL REMARKS 

In the present paper, we have studied thin accretion 
disk models for the slowly rotating Kehagias and Sfet- 
sos black hole solution in Hofava gravity, and we have 
carried out an analysis of the properties of the radiation 
emerging from the surface of the disk. By comparing the 
accretion disk properties in the slowly rotating geometry 
in the Hof ava-Lifshitz gravity with the properties of disks 
around a slowly rotating Kerr black hole, we have shown 
that the intensity of the flux emerging from the disk sur- 
face is greater for the slowly rotating Kehagias and Sfet- 
sos solution than for the general relativistic rotating Kerr 
black hole with the same geometrical mass tq and accre- 
tion rate Mq. If this difference is in the range of 20%-80% 
for the case of slowly rotating black holes, in the case of 
KS black holes with a* of the order of a* = 0.4 — 0.5, 
the increase in the flux could be several orders of mag- 
nitude higher than for a Kerr black hole. Thus extreme 
high energy emissions from accretion disks around black 
hole candidates may provide the distinctive signature for 
a KS black hole. We have also presented the conversion 
efficiency e of the accreting mass into radiation, and we 
have showed that the slowly rotating Kehagias and Sfet- 
sos black holes are much more efficient in converting the 
accreting mass into radiation than their Kerr black holes 
counterparts. 

From an observational point of view, the determina- 
tion of the mass and of the spin of the central compact 
general relativistic object is a very difficult task, and in 
many cases, their values are not known. Usually what 
is observed is the flux and the spectrum of the radiation 
coming from the accretion disk. Therefore, an essential 
problem that has to be considered is what properties of 
the radiation spectrum and flux, respectively, could in- 
dicate that the observed black hole is a Kehagias and 
Sfetsos black hole of the Hofava-Lifshitz gravity, rather 
than a standard Kerr black hole, with a different mass 
and spin. With the use of Eqs. (l29l)- ([32|) we can always 
describe the properties of the accretion disk in terms of 
an "effective" Kerr black hole, with a given "effective" 
mass and spin, respectively. Since for a Kehagias and 
Sfetsos black hole the emitted energy flux could be sev- 
eral orders of magnitude higher than for a Kerr black 
hole, for a given maximal value of a* , the observed high 
flux from the Kehagias and Sfetsos black hole would re- 
quire an unrealistically high mass for the central general 
relativistic compact object. Moreover, for the Kehagias 
and Sfetsos black hole the maximum of the flux is dis- 
placed toward smaller values of v/M , as compared to the 
Kerr case. Hence a very high Kerr mass of the central 
object, and the position of the maximum of the spectrum 
could represent an important observational evidence for 
the existence of the Kehagias and Sfetsos black holes. 

Therefore, the study of the accretion processes by com- 
pact objects is a powerful indicator of their physical na- 
ture. Since the energy flux, the temperature distribution 
of the disk, the spectrum of the emitted black body ra- 



diation, as well as the conversion efficiency show, in the 
case of the Hofava-Lifshitz theory vacuum solutions, sig- 
nificant differences as compared to the general relativistic 
case, the determination of these observational quantities 
could discriminate, at least in principle, between stan- 
dard general relativity and Hofava-Lifshitz theory, and 
constrain the parameters of the model. 
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Appendix A: Physical properties of thin accretion 
disks 

For a thin accretion disk the vertical size (defined in 
cylindrical coordinates along the z-axis) is negligible, 
as compared to its horizontal extension (defined along 
the radial direction r), i.e., the disk height H, equal 
to the maximum half thickness of the disk, is always 
much smaller than the characteristic radius R of the disk, 
H <C R- The thin disk is assumed to be in hydrodynam- 
ical equilibrium, and the pressure gradient, as well as the 
vertical entropy gradient, are negligible in the disk. The 
efficient cooling via the radiation over the disk surface 
prevents the disk from cumulating the heat generated by 
stresses and dynamical friction. In turn, this equilibrium 
causes the disk to stabilize its thin vertical size. The thin 
disk has an inner edge at the marginally stable orbit of 
the compact object potential, and the accreting matter 
has a Keplerian motion in higher orbits. 

In steady-state accretion disk models, the mass accre- 
tion rate Mq is assumed to be a constant that does not 
change with time. The physical quantities describing the 
orbiting matter are averaged over a characteristic time 
scale, e.g. At, for a total period of the orbits, over the 
azimuthal angle A<p — 2ir, and over the height H (2l| - [23| . 

The particles moving in Keplerian orbits around the 
compact object with a rotational velocity Vt = d<j)/dt have 
a specific energy E and a specific angular momentum L, 
which in the steady-state thin disk model depend only 
on the radii of the orbits. These particles, orbiting with 
the four- velocity w M , form a disk of an averaged surface 
density S, the vertically integrated average of the rest 
mass density po of the plasma. The accreting matter in 
the disk is modeled by an anisotropic fluid source, where 
the density po, the energy flow vector and the stress 
tensor t 1 *" are measured in the averaged rest-frame (the 
specific heat was neglected). Then, the disk structure 
can be characterized by the surface density of the disk 
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E(r) 



H 



(Po)dz, 



(Al) 



H 



with averaged rest mass density (po) over Ai and 2ir and 
the torque 



H 



H 



(A2) 



with the averaged component {t r ±) over At and 27r. The 
time and orbital average of the energy flux vector gives 
the radiation flux F(r) over the disk surface as F(r) = 

The stress-energy tensor is decomposed according to 



(A3) 



where u^cf 



0, u^t^ = 0. The four-vectors of 



the energy and angular momentum flux are defined by 
-J5" = T»(d/dt) v and J» = T£{d/d4>Y, respectively. 
The structure equations of the thin disk can be derived 
by integrating the conservation laws of the rest mass, of 
the energy, and of the angular momentum of the plasma, 
respectively [U [23| . From the equation of the rest mass 
conservation, V ^(pou^) = 0, it follows that the time aver- 
aged rate of the accretion of the rest mass is independent 
of the disk radius, 



M 



-2i:rY,u r = constant. 



(A4) 



Applying the conservation law V M i? M = of the energy 
has the integral form 



[M Q E - 27rrQW/] >r = AnrFE, 



(A5) 



which states that the energy transported by the rest mass 
flow, MqE, and the energy transported by the dynam- 
ical stresses in the disk, 2irrflW^ r , is in balance with 
the energy radiated away from the surface of the disk, 
AirrFE. The law of the angular momentum conserva- 
tion, V^J' 1 = 0, also states the balance of these three 
forms of the angular momentum transport, 



[M L - 2irrW,p r ), r = AitrFL. 



(A6) 



By eliminating from Eqs. (|A5[) and (IA6|) . and 

applying the universal energy- angular momentum rela- 
tion dE = ttdJ for circular geodesic orbits in the form 
E r = HL yr , the flux F of the radiant energy over the disk 
can be expressed in terms of the specific energy, angular 
momentum and of the angular velocity of the compact 
sphere [HI, SI], 



F(r) 



M Q 



my 



Another important characteristic of the mass accretion 
process is the efficiency with which the central object 
converts rest mass into outgoing radiation. This quan- 
tity is defined as the ratio of the rate of the radiation 
of the energy of photons escaping from the disk surface 
to infinity, and the rate at which mass-energy is trans- 
ported to the central compact gene ral relativistic object, 
both measured at infinity |2l[ |23[. Since the former is 
given by the rate of the difference between the total mass 
growth of the central object and the accreted rest mass, 
the efficiency can be written as e = (AM — AMq)/ AMq. 
The accretion of the rest mass AMq producing a growth 
in the total mass-energy of the central object propor- 
tional to the specific energy of the gas particles leaving 
the marginally stable orbit, i.e AM = E ms AMo. There- 
fore the efficiency is given in terms of the specific energy 
measured at the marginally stable orbit r ms , 



l-E n 



(A8) 



provided all the emitted photons can escape to infinity. 

For Schwarzschild black holes the efficiency e is about 
6%, whether the photon capture by the black hole is con- 
sidered, or not. Ignoring the capture of radiation by the 
hole, e is found to be 42% for rapidly rotating black holes, 
whereas the efficiency is 40% with photon capture in the 
Kerr potential [24| . 

The accreting matter in the steady-state thin disk 
model is supposed to be in thermodynamical equilib- 
rium. Therefore the radiation emitted by the disk sur- 
face can be considered as a perfect black body radiation, 
where the energy flux is given by F(r) = tjT A {r) [a is 
the Stefan-Boltzmann constant), and the observed lumi- 
nosity L (v) has a redshifted black body spectrum [29| : 



L (v) = And I (u) = — cos 7 

7T 



2tt 



v^rd(f>dr 



exp (hv e /T) — 1 
(A9) 

Here d is the distance to the source, I{v) is the Planck 
distribution function, 7 is the disk inclination angle, and 
Ti and rj indicate the position of the inner and outer 
edge of the disk, respectively. We take r-j = r ms and 
r/ — > 00, since we expect the flux over the disk surface 
vanishes at r — > 00 for any kind of general relativistic 
compact object geometry. The emitted frequency is given 
by v e = + z), and the redshift factor can be written 
as 



1 + Qr sin sin 7 
\J~9tt - 2VLg t <t, - fi 2 ( 



(A10) 



[E — QL)L, r dr. (A7) where we have neglected the light bending 36, 3 
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